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Problem: Prove that the equation
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has an integer solution for any integer n.
Solution: First of all, note that any number n = 6k can be represented as a sum
of four cubes:

(k + 1)3 + (−k)3 + (−k)3 + (k − 1)3 = 6k.

Now we note that

n = 6k + 1 = 6k + 13

n = 6k + 2 = 6(k − 1) + 23

n = 6k + 3 = 6(k − 4) + 33

n = 6k + 4 = 6(k + 2) + (−2)3

n = 6k + 5 = 6(k + 1) + (−1)3.

Therefore, our equation has an integer solution for all values of n.


