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Problem: Prove that for arbitrary triangle 4ABC

|AB| cos(BĈA) + |BC| cos(BÂC) + |AC| cos(AB̂C) ≤ |AB|+ |BC|+ |AC|
2

.

Solution: Let |AB| = c, |BC| = a, |AC| = b, B̂AC = Â, ÂBC = B̂, and B̂CA = Ĉ.

Let us prove that a cos Â + b cos B̂ ≤ c. Indeed, since c = a cos B̂ + b cos Â, our
inequality is equivalent to the inequality

(a− b)(cos Â− cos B̂) ≤ 0.

The last inequality is correct, since cos x is a decreasing function on the interval

[0, π] and cos Â ≥ cos B̂ if a ≥ b. Similarly we prove that

a cos Â + c cos Ĉ ≤ b and b cos B̂ + c cos Ĉ ≤ a.

The sum of these inequalities gives the desired inequality.


