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Problem:

Find all pairs (p, q) od prime numbers satisfying

2P = 2172 4 ¢l

Solution: Answer: (p,q) = (3,3),(7,5).

If ¢ = 2 then no pair (p,2) satisfies the equation. If ¢ = 3 and ¢ = 5 then the only pairs
satisfying the equation are (3,3) and (5, 7), respectively.

Let us show that there is no solution for ¢ > 7. Consider the binary representation of
q q =242+ ...+ 2% where 0 < a; < ay < --- < a, are integers and r is the
number of 1’s in the binary representation of ¢. For all 1 < k < r and 1 < i < a4 the
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number o> is an integer. Furthermore, when ¢ > a;, we get L;J = 0. Finally, we have
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Z L , J = 2% — 1. Therefore, va(q!), the highest power of 2 in ¢! can be written as
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o) = 2] =a-r
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The original equation is equivalent to 2972(2P~972 — 1) = ¢!, where p — ¢ + 2 > 0. Hence
v2(q!) = q¢ — 2. Therefore, r = 2 and ¢ = 2% + 22, Since ¢ is a prime number, we get
a; =0 and ay = 2" for some non-negative integer ¢ (¢ is a Fermat prime).

As ¢ > 7 we have 2P79%2 = 1 (mod 7) and p — ¢ + 2 = 0 (mod 3). Using the fact
q=2%+1=2 (mod 3) we get 3 | p and hence p = 3. For ¢ > 7 no pair (3, ¢) satisfies
the equation.



