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Problem:

Let Z* be the set of all positive integers. For each function f: Z* — Z* and ¢ € Z™ let
fo be a composite function fo fo---o f. Find all functions f: Z* — Z* satisfying
—

£ times

2020
TL 2020 < H fﬂ 2020 2019

for each n € Z+.

Solution: Answer: The only function is f (n) = n. The proof is by induction over n.

If n = 1, then we get 0 < [[222 f,(1) < 2. Therefore, [[227 fe(1) = 1. Then,
f()= fl()—l Assumethatf()—kforallk<n

If f(n) <n—1, then for each ¢ > 1 we get f;(n) = f(n) < n—1and (n—1)2020 <
HQOQO fe(n) <(n-— 1)2020, a contradiction.

If f(n)>n+1, we have

2020 2020 2020
2020 | 2019 H fo(n) = f(n) H fi(n)>(n+1) H fe(n).
=1 t=2 =2

Thus, we have 72 > 1223 f;(n). Then, we can find [ with 2 < I < 2020 such that
fe(n) < n. Let s be the smallest such ¢. Then, we have f;_1(n) > n and fs(n) < n.
Let ¢ = fs—1(n). Then H120210 () < (¢g— 1)2020 and we get a contradiction with the
inequality (n — 1)2°20 < T[22 fu(n) at n = ¢:

2020

_ 1200 H filq) < (g — 1)
Therefore, f(n) =



