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Problem:

Let x,y, z be positive real numbers such that

VT, /Yy, /7 are sides of a triangle and L + Y + - 5.
y z
Prove that
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Solution:

Since \/z, \/y, /% are sides of a triangle, we have

Vo+ vy +V2) (Ve + V= V2 (Vo + vz = Vo) (Vz + Ve = V)

=2y +yz+2x) — 2’ -y’ =2 >0 (1)
We also have
2
x z x
5my:<—+g+—)xy:x2+i+yz
y z x z
2
x z z
5y2'=(—+g—|——>yz:y2+y—+zx
y z x x
2
x z 2T
5zx:(—+g+—>zx:z2+—+$y
y =z =z Y
and by summing up the equations above, we get
x1y? 22 2a?
2(xy+yz+za:)—(x2+y2+22):%—l—y?—i—T—Q(xy—i-yZ%—zx)

By the inequality (f) the left hand side is non-negative. Therefore, the right hand side is
also non-negative:
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Remark. Assuming x = max{z,y, z}, the equality holds when \/Q = u, \/E =1—-u

T T
where u & 0.555 is the unique real root of u® —2u* —u + 1 = 0 in the interval (0, 1).



