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Problem:

Find the largest real number T for which the inequality

x2 + 1

(x+ y)2 + 4(z + 1)
+

y2 + 1

(y + z)2 + 4(x+ 1)
+

z2 + 1

(z + x)2 + 4(y + 1)
≥ T

holds for all positive real numbers x, y and z.

Solution: Answer: T = 1
2
.

Note that (x+ y)2 ≤ 2(x2 + y2) and 4z + 4 ≤ 2(z2 + 3). Therefore,

x2 + 1

(x+ y)2 + 4(z + 1)
≥ x2 + 1

2(x2 + y2 + z2 + 3)

Similarly we can write analogous inequalities for pairs (y, z) and (y, z). The sum of these
three inequalities yields

x2 + 1

(x+ y)2 + 4(z + 1)
+

y2 + 1

(y + z)2 + 4(x+ 1)
+

z2 + 1

(z + x)2 + 4(y + 1)
≥ x2 + y2 + z2 + 3

2(x2 + y2 + z2 + 3)
=

1

2
.

The left hand side equals 1
2
at x = y = z = 1. Done.


