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Problem:
Find all triples (m,n, p) satisfying

(m® +n)(n* +m) = p*

where m,n are positive integers and p is a prime number.

Solution: Answer: (m,n,p) = (2,1,3),(1,2,3).

If m = n then n?(n?+ 1) = p®. Since ged(n?,n*+1) =1 and p is prime we get n = 1, no
solution.

Let m > n > 1. Since n® +m > 2 we get m> +n = p(1), n® +m = p(1).

If n =1 then p> = (m*+1) = (m+1)(m* —m+ 1) and m +1 = p. Therefore,
m? —m+1=p=m+1, m=2. Thus, we have a solution m =2, n =1, p = 3.

If n > 1 then p = n® +m > m +n and therefore p fm +n and p fm — n. Adding and
subtracting of () and (1) we get

(m+n)(m*> —mn+n*+1)=pp+1) (m—n)(m*>+mn+n*—1)=pp-1).

Since p fm +mn and p fm —n we get p | m®> —mn+n%+ 1 and p | m?> + mn +n? — 1.
Therefore p | (m*> +mn +n%? —1) — (m?> —mn +n®>+1) = 2(mn — 1). If p =
then m = n = 1, no solution. Therefore, p | mn — 1 and p < mn — 1. Now since
nP4n<nP+m=p<mn—1<mnwegetn?+n < mnandn?+1 < m. Thus, n? < m.
Since p < mn—1 we get p> < m?n? —2mn+1. Therefore, m?+n = p?> < m?n? —2mn+1.
Since n? < m we get m*n? —2mn +1 < m?® —2mn + 1. Then m3 +n < m3 — 2mn + 1
and consequently 2mn +n < 1, a contradiction.

The case n > m > 1 similarly yields the solution n =2, m =1, p = 3.



