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Problem:

Let a1 = 1, a2 = 1 and an = an−1 + an−2 for each n > 2. Find the smallest real number
A satisfying

k∑
i=1

1

aiai+2

≤ A

for any natural number k.

Solution:

By the method of mathematical induction we show that

n∑
i=1

1

aiai+2

= 1− 1

an+1an+2

(†)

1. If n = 1 (†) is readily held.

2. Suppose (†) is held for n = k. Then

n+1∑
i=1

1

aiai+2

= 1− 1

an+1an+2

+
1

an+1an+3

= 1− an+3 − an+2

an+1an+2an+3

= 1− 1

an+2an+3

Thus, (†) is proved. Since an →∞ when n→∞ the smallest A = 1. Done.


