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Problem:

Let x, y, z be pozitive real numbers satisfying x + y + z = 1.

Prove that

x(y + z)

4− 9yz
+

y(z + x)

4− 9zx
+

z(x + y)

4− 9xy
≥ 6xyz.

Solution:

Let us divide both sides of the inequality by positive expression 3xyz:

y + z

3yz(4− 9yz)
+

z + x

3zx(4− 9zx)
+

x + y

3xy(4− 9xy)
≡ A ≥ 2.

Consider the first term:

y + z

3yz(4− 9yz)
≥

2
√

yz

3yz(4− 9yz)
=

2

3
√

yz(4− 9yz)
=

2

3
√

yz(2− 3
√

yz)(2 + 3
√

yz)
.

And since by AG inequality 3
√

yz(2− 3
√

yz) ≤ 1 and 2 + 3
√

yz ≤ 2 +
3(y + z)

2

we get
y + z

3yz(4− 9yz)
≥ 4

4 + 3y + 3z
.

Similarly
z + x

3zx(4− 9zx)
≥ 4

4 + 3z + 3x
and

x + y

3xy(4− 9xy)
≥ 4

4 + 3x + 3y
.



Therefore, A ≥ 4

4 + 3y + 3z
+

4

4 + 3z + 3x
+

4

4 + 3x + 3y
and by Arithmetic- Har-

monic mean inequality we get

A ≥ 9 · 4
4 + 4 + 4 + 6(x + y + z)

= 2.Done.

The equality holds when x = y = z =
1

3
.


