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Problem:

Let f: ZT X Z — Z be a function satisfying the following conditions:

(0,k) =1if k=0,1.
(0,k)=0if £ #0 and k # 1.
(n,k)=f(n—1,k)+ f(n— 1,k —2n) for all n > 1 and k.
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Determine » _ f(2008, k).
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Solution:

A. Let us show that for all n > 0, f(n,k) =0if k <0 or k > n?+n+ 1. Proof by
induction:

I.n=0: f(0,k)=0if k<Oork>0*+0+1=1.

2. Suppose f(n—1,k) =0ifk<Oork>(mn—-1>%*+n—-1+1=n*>—-n+ 1.
Consider f(n,k). If K <0, then f(n,k) = f(n—1,k)+ f(n—1,k—2n) =040 = 0.
If k >n?>+n+1, then k —2n > n? n—i—landagamf(n,k) fn—=1k)+ f(n—
1k —2n)=0+0=0.

B. Let us show that f(n,k) = f(n,n> +n+1—k) for all n > 0 and k. Proof by
induction:



1.n=0: f(0,k) = f(0,1 = k).

2. Suppose f(n —1,k) = f(n —1,n* —n+1—k). Then f(n,k) = f(n —
LEy+fn—1Lk—=2n)=fln—1,n>-n+1—k) +fn—1,n 4+n+1-k) =
fln—=1n>+n+1—-k—=2n)+f(n—1,n* +n+1-k)=f(n,n>+n+1-k).

C. Let us show that ZZ;S”H f(n, k) = 2", Proof by induction:
1. n=0: f(0,0) + f(0,1) = 20+,

2. Suppose 34" f(n—1,k) = 2. Then S0 5" f(n, k) = S fln—1,k)+

=0

W F(n =1k — 2n) = (byA, B) i) fn = 1 k) + Y f(n = 1,m) =

2" 2n = 2nHL,

n4n
Finally, by B and C, Y, 2 f(2008, k) = 2"*+1/2 = 2"
Therefore, Zgi)o f(2008, k) = 2"~1. The answer is 22098,



