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Problem:

Let Z be the set of all integers. Prove that there is no function f : Z→ Z such that
for any m,n ∈ Z

(1) f(n)− f(n + f(m)) = m

Solution:

f (if exists) takes different values at different points: f(n + f(m1)) = f(n)−m1

and f(n + f(m2)) = f(n)−m2. Therefore, f(m1) = f(m2) implies m1 = m2.

f takes all integer values: put m = 0 in (1): f(n + f(0)) = f(n). Thus, f(0) = 0.
Again put n = 0 in (1): f(f(m)) = −m.

Since f(n + m) = f(n + f(f(−m))) = f(n)− f(f(−m)) = f(n) + f((f(f −m))) = f(n) + f(m)
we have f(n) = cn. Put f(n) = cn in f(f(m)) = −m: c2n = −n or c2 = −1. Done.


