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Problem:
Find the minimum of
l4a+b+c ¢
3+2a+0 b
where a, b and ¢ are real numbers such that all roots of the equation 23 —az?+bx—c =

0 are real positive numbers.

Solution:

1
We prove that the minimum is 3 Let x; > 0 for ¢ = 1,2,3 be the roots of the

3

equation 23 — az? + bx — ¢ = 0. By Vieta’s theorem

T1+ 2o+ x3=a, T1To+ Xox3+ 13 =0"0, x1X2T3=C.

Then
l+a+b+c ¢
A=_—"_~ ~ __
3+2a+0b b
(1 4+ 1)(xo+ 1)(z3+ 1) T1T9T3

(z1+ D) (2o + 1) + (o + D) (w5 + 1) + (z1 + D) (23 + 1) 2129 + 2273 + 2123
1 1 1
1 Ctl(xl-i-l) + CCQ(CC2+1) + 503(133+1)
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r1+1 + T2+1 + r3+1 E_}_lb_z_’__ (H+$_2+IE_3)(IE1+1 + ro+1 +$3+1)




Without loss of generality we can assume that 0 < x; < x5 < x3. Then

1 1 1 1 1 1
;125296_3>Oandw1+12x2+12x3+1>O'

By Chebyshev’s inequality

1 1 1 1 1 1 1 1 1 1
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Therefore, A > 3. The minimum 1/3 of A is reached for ;1 = 29 = xz3 =t > 0 or
a=3tb=3t2 c=1t




