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Problem:
Find all functions f : R — R such that f(2007) = 2008 and for each z,y € R

flAzy) = 2y(f(z +y) + f(z —y)).

Solution:

2008

2007

y = 0 in our equation gives f(0) = 0 and z = 0 yields 0 = f(y) + f(—y), so
the function f is odd. Since f(4st) = f(4ts) we get 2t(f(s +t) + f(s — 1)) =
2s(f(s+1) = f(s —t)) or

Let us prove that the only solution is f(z) =

(s=t)f(s+t)=(s+1t)f(s—1).
We take t = 2007 — s and use f(2007) = 2008:

(25 — 2007)2008 = 2007 f(2s — 2007).

2008
Substitution 2s — 2007 = x gives f(z) = ——x. Finally, we verify that the function

9008 2007
flx) = 2007°" satisfies the equation.



